ABSTRACT. Let A be a normed algebra with identity, Ω be a locally compact Hausdorf space and λ be a positive Radon measure on Ω with supp(λ) = Ω. In this paper, we establish a necessary and sufficient condition for L 1 (Ω, A) to be an algebra with pointwise multiplication. Under this condition, we then characterize compact and weakly compact left multipliers on L 1 (Ω, A).
Introduction and preliminaries
Let Ω be a locally compact Hausdorff space and λ be a positive Radon measure on Ω constructed from a fixed positive functional on C c (Ω), the space of all continuous complex valued functions on Ω with compact support; see [4] and [11] for more details. We also assume that the support of λ coincides with Ω. For a nontrivial normed algebra A, define L 1 (Ω, A) to be the space of all Bochner integrable functions f : Ω → A. For each two functions f , g from Ω into A, the pointwise multiplication of f and g is denoted by f · g. There has been considerable progress in the study of analysis on L 1 (Ω, A), and several authors have studied various aspects of the subject; see for example [3] , [5] , [6] , [10] , [12] [14] and [15] .
Our purpose in this work is to study compact and weakly compact left multipliers on L 1 (Ω, A). To study multipliers on L 1 (Ω, A), we first need to know when L 1 (Ω, A) is an algebra with pointwise multiplication. Our first result gives 2010 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t 
(Ω, A) we conclude that
Conversely, toward a contradiction suppose that Ω is not discrete or 
whence there is a sequence (ω n ) of disjoint elements of Ω with λ({ω n }) < n −2 . So, the sets O n := {ω n } are the required sequence. Now, if Ω is non-discrete, then there exists a compact set
Next, let a ∈ A be a fixed nonzero element and set
is an algebra with pointwise multiplication.
Note that L 1 (Ω, A) is a normed algebra if Ω is discrete and λ ≥ 1. In the following, we show that the converse is true if A has an idempotent element a with a = 1.
ÓÖÓÐÐ ÖÝ 1.2º Let A be a normed algebra with an idempotent element
a ∈ A such that a = 1. Then the space L 1 (Ω, A
) is a normed algebra with pointwise multiplication if and only if Ω is discrete and λ ≥ 1 on nonempty subsets of
That is, λ({ω}) ≥ 1.
In the case where Ω is a discrete space I, we let σ : I → (0, ∞) be the function defined by σ(ι) = λ({ι}) for all ι ∈ I; let also 1 σ (I, A) be the space of all functions
as we have seen in the proof of Proposition 1.1, if
is an algebra with pointwise multiplication. If, moreover, A has an idempotent element with norm one, then 
Compactness of left multipliers on 1 (I, A)
Let I be a set and A be a normed algebra. Let ∞ (I, A) be the space of all functions f : A) is a left multiplier, where (ϕf )(ι) = ϕ(ι)f (ι) for all ι ∈ I. We commence this section with the following result which shows that any left multiplier on 
It follows that ϕ ∈ ∞ (I, A). Since T and ϕ T are bounded on 1 σ (I, A), we only need to prove that T (f ) = ϕf for all f ∈ C c (I, A), the space of all functions with finite support. For this end, let f ∈ C c (I, A).
We now are ready to give the main result of the paper. First, let us recall that c 0 (I, A) denotes the normed subalgebra of ∞ (I, A) of all functions vanishing at infinity. ϕ(ι) ≥ 1/n for all n ≥ 1, then (F n ) is an increasing sequence of finite subsets in I and
Ì ÓÖ Ñ 2.2º Let
where for each
T is a compact operator on 
in the weak topology of
) and ψ β = 1; see [13] . Recall that the dual space of
On the one hand, | g, σ | ≥ ε; indeed,
On the other hand, if ι 0 ∈ I and g(ι 0 ) = 0, then there is β 0 ∈ B such that for each β ≥ β 0 , ι 0 ∈ F (β) and hence
that is g(ι 0 ) = 0. This contradiction completes the proof.
Remark 2.3º
Let A be a normed algebra with identity, I be a set and σ : I → (0, ∞) with M σ > 0. Then an argument similar to the proof of Proposition 2.1 shows that any right multiplier on (I, A) . The Arens multiplication was first introduced and studied by Arens [1] ; see also [7] , [8] and [9] for more details. 
ÓÖÓÐÐ ÖÝ 2.4º Let

